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DIFFUSION IN POLYMER FILMS WITH LANGMUIR
ADSORPTION AND PARTIAL IMMOBILIZATION

Jan-Chan Huang
Department of Plastics Engineering, University of Massachusetts
Lowell, Lowell, MA, 01854 USA

Sorption of several solute-polymer systems can be characterized by a combination
of Henry’s law sorption and Langmuir adsorption. The sorbate in the Langmuir
adsorption is assumed to have different diffusivity compared to the sorbate in
Henry’s sorption. The concentration distribution and mass uptake of a polymer
film subject to a step increase of sorbate at the surface were solved by the Crank-
Nicholson method. With a smaller value of diffusivity for the Langmuir adsorbed
molecules the normalized concentration distribution and mass uptake increased
more slowly than the corresponding sorption without the Langmuir adsorption.
The mass uptake after a step increase of the sorbate concentration is proportional
to

ffiffi
t

p
at the beginning stage of sorption. From the parameters of sorption isotherms

and the initial slopes of normalized mass uptake vs.
ffiffi
t

p
plots the diffusivities of

both Henry’s law sorption and Langmuir adsorption species can be determined.

Keywords: Diffusion in polymers, Langmuir adsorption, partial immobilization,
Crank-Nicolson method

INTRODUCTION

Gas sorption and diffusion are important characteristics of polymers
for membrane applications. The rate of permeation of gases through a
polymer film depends on both solubility and diffusivity of the gases in
the polymer. The most simple case is that both solubility coefficient
and diffusion coefficient are constants. In this case an analytical
solution exists and these two parameters can be determined from a
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step increase of gas concentration surrounding an initially gas free
film [1]. The solubility is determined from the mass increase of the film
and the diffusivity is determined from the initial slope when the
cumulative mass increase is plotted vs.

ffiffi
t

p
=L (L¼half of the film

thickness). Another approach is the time lag method, where the gas
concentration on one side of a film is increased from zero to a finite
concentration and the cumulative flux at the other side is determined
as a function of time. From the slope and the intercept, solubility and
diffusivity of the sorbate are calculated [1].

Several studies have shown that the sorption isotherms of small
molecules in glassy polymers are generally concave to the pressure
axis. A dual mode sorption model was proposed to describe such
behavior [2�7]. The model described the sorption mechanism as a
combination of Henry’s law and a Langmuir isotherm. The former
represents the sorbate dissolved in the polymer matrix while the latter
is considered to occupy the unrelaxed free volume within the polymer.
The total concentration of sorbate inside a polymer is:

Ctotal ¼ Cþ q ¼ Cþ K2C

1þ K1C
ð1Þ

where C represents the concentration of normally sorbed species, q
represents the concentration of Langmuir adsorption species, and
K1 and K2 are constants.

When the diffusivity is under consideration the molecules in nor-
mally absorbed state and in Langmuir adsorption are expected to
be different. A simple assumption is that those in the Langmuir
adsorption were nondiffusible. This was the total immobilization
model [3]. Paul developed the time lag function for the total immobi-
lization model [4]. A more general assumption is that the molecules in
Langmuir adsorption can diffuse at a slower rate. This led to a partial
immobilization model. Paul and Koros [5] developed the formula for
time lag in the partial immobilization model. The model was experi-
mentally demonstrated for carbon dioxide in polycarbonate films.

Both total and partial immobilization models yield the same iso-
therm. Their difference is their response with respect to time. Several
initial gas concentrations would be needed to extract isotherm and
diffusivity data of the system. Since the time lag method is ex-
perimentally more difficult than the weight increase measurement
method, the latter method is discussed here. In this approach a step
increase of sorbate concentrations is performed and the weight
increases of polymer films are measured as function of time. When the
sorption is described as Eq. (1), it is possible to obtain the diffusivity
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information using a series of several step changes from zero to higher
concentrations. The purpose of this study is to use a numerical method
to explain this process.

CRANK-NICHOLSON METHOD

The diffusion of small molecules into a polymeric matrix can be
described by a differential equation. In the case of constant diffusivity
and solubility constant the diffusion equation is written as:

@C

@t
¼ D

@2C

@x2
ð2Þ

where x is the distance, t is time and D is the diffusivity. In the
study of diffusion of small molecules in polymer films, the polymer is
initially free of the small molecules. The film is brought into contact
with a controlled concentration of the sorbate. The increase of
polymer weight is measured as a function of time. The analytical
solution for the normalized mass uptake, M=Mo, versus time has
been solved for the case of constant diffusivity with the linear sorption
isotherm [1]. The expression suitable for the short time calculation is:

M=Mo ¼ 2

ffiffiffiffiffiffi
Dt

p

L
1=

ffiffiffi
p

p
þ 2

X1
n¼0

ð�1Þnierfc
nLffiffiffiffiffiffi
Dt

p
� �" #

ð3Þ

where L is half of the thickness of the film. The equation predicts a
linear relationship between the weight increase and

ffiffi
t

p
=L at

the beginning of the measurement. This is a Fickian type behavior.
From the slope of M=Mo vs.

ffiffi
t

p
the diffusivity can be calculated. Equ-

ation (3) is a solution of a linear differential equation and does not
depend on the concentration of the solute.

In case of the partial immobilization model, Koros and Paul [6] used
the following equation:

@

@t
ðCþ qÞ ¼ D

@2C

@x2
þDL

@2q

@x2
¼ D

@2

@x2
ðCþ FqÞ ð4Þ

where F is the ratio of diffusivity of sorbate in the Langmuir
adsorbed state and diffusivity of sorbate in the normal state, DL=D.
The value of F is expected to lie between zero and unity because the
diffusivity of a sorbate in the Langmuir absorbed state is considered
to be less than that in the normal state. When F¼ 0 it is a total
immobilization model. In case F¼ 1 Eq. (4) reduces to the problem of
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constant diffusivity with Cþ q as the variable and a solution similar
to Eq. (3) can be obtained. When F<1 the equation is nonlinear
because of the Langmuir isotherm. The Crank-Nicolson method
[8-10] can be used in this case. In the Crank-Nicholson method the
film thickness was divided into equal intervals. The time of diffusion
was also divided into intervals. The differential equation was then
converted into a finite difference equation. After rearrangement of
the equation the concentration of a point at a particular time was
related to five other data points. These five data points included two
nearby points at the same time, two nearby points of the previous
time, and the same point of the previous time. Under this assump-
tion, Eq. (4) was written as:

2½ðCþ qÞi; jþ1 � ðCþ qÞi; j�
¼ r½ðCþ FqÞiþ1; j � 2ðCþ FqÞi; j þ ðCþ FqÞi�1;j�
þ r½ðCþ FqÞiþ1; jþ1 � 2ðCþ FqÞi; jþ1 þ ðCþ FqÞi�1; jþ1� ð5Þ

where r¼DDt=DxL2

In the calculation the film thickness interval, Dx=L, was chosen
to be 0.04 and the time interval, DDt=L2 , is 0.0016. This gives r¼ 1.
The equation was converted into:

Ci; jþ1 ¼ ½ð2� 2FÞqi; j þ ðCþ FqÞiþ1; j þ ðCþ FqÞi�1; j þ ðCþ FqÞiþ1; jþ1

þ ðCþ FqÞi�1; jþ1�=½4þ ð2þ 2FÞK2=ð1þK1ðCi; jþ1ÞÞ� ð6Þ

The boundary conditions were C¼Co and q ¼ qo ¼ K2Co=ð1þK1CoÞ
at the surface for normally sorbed species and Langmuir adsorbed
species, respectively. Equation (6) is not a linear simultaneous equation
and cannot be solved by a matrix inverse method. The system of
simultaneous equations can be solved by an iteration method [9,10].
In the iteration calculation the value of new array Ci, j+1 at the left hand
side was calculated by using known value of Ci, j+1 at the previous time
and an initial guess value of Ci, j+1. The calculated value of Ci, j+1 in turn
was used in the next run of calculation until each element of Ci, j+1 no
longer changed. The initial value ofCwasunity at both surfaces and zero
for all interior points. The values of Ci,j were used as the initial guess
values of Ci, j+1. In the calculation it was found that fifteen iterations
were sufficient for convergence. In the calculation q was not treated as a
separate variable; it was calculated from C based on the Langmuir
equation. After the calculation of C and q the total mass uptake, M, was
calculated from integration of C and q throughout the film.
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RESULTS AND DISCUSSION

Figure 1 shows the normalized total concentration vs. dimensionless
coordinate at Dt=L2¼ 0.4 for several combinations of parameters.
From the right hand side it can be seen that if there is a Langmuir
adsorption the permeation of sorbate is slower as F decreased. This is
because a slow diffusion rate of the Langmuir adsorbed molecules was
accompanied by a slow rate of normally adsorbed molecules as both of
them are in equilibrium locally. As mentioned previously, when F¼ 1
the distribution of C is the same as the case without absorption. In
this case both the normal state molecules and Langmuir adsorbed
molecules diffuse at an equal rate. The value of normalized
concentration at midplane for F¼ 1 was 0.52552 in this calculation.

FIGURE 1 Normalized total sorbate concentration vs. x=L at Dt=L2¼ 0.4 for
several combination of parameters after a step change of sorbate concentra-
tion. Right side from top to bottom: K1 ¼ 1, K2 ¼ 1, F ¼ 1; K1 ¼ 1, K2 ¼ 1,
F ¼ 0:5; K1 ¼ 1, K2 ¼ 1, F ¼ 0. Left side from top to bottom: K1 ¼ 2, K2 ¼ 1,
F ¼ 0:5; K1 ¼ 1, K2 ¼ 2, F ¼ 0:5:
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The corresponding value based on the analytical solution is 0.52551.
This verifies the accuracy of the algorithm. When K1 increased at
constant K2 and F(F< 1) the concentration increased. This repre-
sented a decrease in occupancy of Langmuir sites. In case F< 1, this
increased the rate of diffusion. When K2 increased at constant K1 and
F(F< 1) the concentration decreased because more Langmuir sites
needed to be filled before the concentration profile moved forward.

Figure 2 shows the value of normalized mass uptake, M=Mo, at
Dt=L2¼ 0.4 using K2¼ 1 and F as a parameter. The effect of K1Co can
be seen. When K1Co was small the values of M=Mo approached con-
stant values which depended on F. This was because when K1Co � K2

Eq. (4) can be simplified as:

@

@t
C ¼ D

1þ FK2

1þ K2

@2

@x2
C ð7Þ

FIGURE 2 Normalized mass uptake vs. K1Co at Dt=L2¼ 0.4 for K2¼ 1.
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This equation is equivalent to a constant diffusivity situation with a
smaller diffusivity. The physical picture is that Langmuir sites are far
from fully occupied and a linear behavior existed. Therefore, on the
left-hand side of Figure 2 the values approached separate constant
values. When K1Co � K2 the value of M=Mo approached a constant
value 0.6979 for all F values. In this case Eq. (4) reduced to Eq. (2) and
the results are independent of values of K2 and F because the
Langumir term diminished. The physical meaning is that the system
has very few Langmuir sites and the Henry’s sorption dominates the
system. The case of F¼ 1 gave a constant value independent of the
value of K1Co and K2. This was mentioned previously. When F¼ 1,
Eq. (4) can be treated as a linear differential equation of Cþ q, and the
mass uptake is given in Eq. (2). The results shown in Figure 2 indicate
that it is possible to determine the value of F by comparing the rate of
sorption at different values of Co, which is the substrate concentration
at the surface.

Figure 3 shows the normalized cumulative mass uptake vs. time for
several combinations of parameters. The figure is plotted on a double
logarithm scale. It can be seen that at the very beginning of sorption
the increase of mass was a Fickian behavior because the slope was one
half. In a previous study similar calculation also gave Fickian behavior
for substrate concentration when diffusivity is concentration depen-
dent [10]. The intercept of the curve at short time region in Figure 3
gave the apparent diffusivity. It can be seen that the intercepts chan-
ged when parameters changed. Among parameters of the model K1 and
K2 can be determined from the equilibrium sorption measurement.
From experimental results of step concentration change with a series
of substrate concentration K1 and K2 can be determined based on the
equilibrium mass increase. The time dependent behavior then offers
the possibility of obtaining the other parameters: diffusivity of nor-
mally sorbed species, D, and F. To obtain a relationship between mass
increase with respect to time the dimensional analysis gave:

M=Mo ¼ f ðDt=L2;K1Co;K2;FÞ ð8Þ

The normalized mass uptake depends on four dimensionless groups.
The derivative of M=Mo vs.

ffiffiffiffiffiffi
Dt

p
=L at t¼ 0 gives the initial slope. The

use of the initial slope reduced the dependence to three dimensionless
variables: K1Co, K2, F. It is still not convenient to present the result
in a two-dimensional graph. A further reduction on the number of
variables is needed. A comparison of the ratio of the initial slope values
at some fixed K1Co values can eliminate one more variable. Since
Figure 2 showed that the change of the mass uptake is most sensitive
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when K1Co was around 1.0, the ratio is calculated using K1Co¼ 2.0
and 0.5. This information could be generally available because in the
determination of the sorption isotherm by the step change, the con-
centration of substrate in step change studied should be varied suffi-
ciently to cover a range of K1Co. The ratio as a function of K2 and F
was calculated numerically. Figure 4 showed the result of the initial
slope ratio at K1Co¼ 2.0 and 0.5 vs. K2 using F as the parameter. Note
that in Figure 4 the individual slope was calculated using M=Mo vs.ffiffiffiffiffiffi

Dt
p

=L plot. But the ratio is the same as the ratio determined using
M=Mo vs.

ffiffi
t

p
=L plot because diffusivities in both slopes were cancelled.

This is important because the latter ratio can be determined experi-
mentally without the knowledge of D.

In Figure 4 when F¼ 1 there was no change of the slope and the
ratio was unity. When F decreased from unity the ratio also decreased
from unity. When F¼ 0 the ratio had the lowest value. The effect of K2

FIGURE 3 Normalized mass uptake vs. Dt=L2 for several combinations of
parameters.
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can also be seen in Figure 4. When K2 was small the value of the ratio
approached unity for all F. This was because when K2 was small Eq.
(4) reduced to Eq. (2) and the ratio was independent of F. The physical
meaning is that there is little Langmuir adsorption. When K2 � K1Co

the value of the ratio also approached unity. In this case the Langmuir
term dominates and Eq. (4) simplifies to Eq. (7). The diffusion equation
is equivalent to a constant diffusivity situation with a smaller diffu-
sivity. Again in this case there is no change of the initial slope by
varying the substrate concentration. A different situation is seen in
F¼ 0. This is probably the most common situation for dual adsorption
mechanisms. For the case F¼ 0 the ratio does not approach unity
when K2 is large. At the beginning of sorption when K1Co � 1 the
equation is:

@

@t
C ¼ D

1þ K2

@2

@x2
C ð9Þ

FIGURE 4 Ratio of the initial slope of M=Mo vs.
ffiffiffiffiffiffi
Dt

p
=L at K1Co¼ 2 to the

similar slope at K1Co¼ 0.5 as function of K2 and F.
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When K2 increased the apparent diffusivity decreased continuously.
This was also reflected by continuous decrease of the ratio in Figure 4.
In practice the value of K2 can not increase indefinitely. It is a fixed
property of the system and is not affected by the sorbate concentration.
Figure 4 indicated that the method suggested here is more sensitive
when F is near zero and less sensitive when F is close to unity. Also
there is a zone for K2 where the determination of F is more accurate.
This is region where the ratio of initial slopes shows a large reduction
from unity. When K1Co is 1.0 the range for K2 is about 2 to 20.

Once the value of F is determined from Figure 4 the value of D can
be obtained from the initial slope of M=Mo, vs.

ffiffi
t

p
=L at a particular

K1Co and the known value of F and K2. The initial slopes of M=Mo vs.ffiffi
t

p
=L at K1Co¼ 1 at different F were calculated and shown in Figure 5.

It can be seen that when F¼ 1 the slope has a constant value of 1.128,

FIGURE 5 Initial slope of M=Mo vs.
ffiffiffiffiffiffi
Dt

p
=L at K1Co¼ 1.0 as function of K2

and F.
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which was the theoretical value for a linear isotherm. For F< 1, the
dimensionless initial slope of M=Mo vs.

ffiffiffiffiffiffi
Dt

p
=L can be read from

Figure 5 for different F and K2. From experimental results at K1Co¼ 1
the slope of M=Mo vs.

ffiffi
t

p
=L at the beginning of sorption can be

obtained. A comparison of two will give the value of D. Finally, from D
and F the diffusivity of the Langmuir adsorbed species, DL, can also be
calculated. Figure 5 can also be made for different value of K1Co but a
value of unity is more convenient because the change of mass uptake is
more sensitive to the change of Co as shown in Figure 2.

CONCLUSIONS

Using the Crank-Nicolson method the mass uptake into a polymer film
was calculated for a system with Henry’s and Langmuir sorption iso-
therms and partial immobilization. The assumption of a small diffu-
sivity for Langmuir sorbed molecules gave a slower overall permeation
rate. The concentration vs. time showed a Fickian behavior at short
time. A method was proposed to use the initial mass uptake rate at
different sorbate concentration to determine diffusivity of each mode.
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